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1 Model overview

treeLFA is the the abbreviation for “latent factor allocation with a tree
structured prior for topics”. It is a topic model specifically designed for binary
input data, which is based on the Bayesian mean-parameterized binary non-
negative matrix factorization [1], and also incorporates an informative prior for
topics constructed on a tree structure of individual words. It retains the basic
“document-topic-word” configuration of topic models, but these components
are assigned with new meanings to analyse the diagnostic data in biobanks.
For treeLFA, each individual in the biobank is viewed as a document, and
each disease a word. Topics of diseases capture constellations of diseases that
frequently co-occur on the same individuals.

The input for treeLFA is a D x S binary matrix (W), where each row cor-
responds to an individual (d), and each column a disease code (s). Wy, in the
input matrix records if disease code s is diagnosed for individual d. The output
of treeLFA includes two matrices: the topic matrix ¢ (T x S, ¢ is the proba-
bility of disease code s in topic t), and the topic weight matrix 6 (D x T, 04 is
the weight of individual d for topic ).

treeLFA is generalised from Bayesian mean-parameterized binary non-negative
matrix factorization (BNMF), which is fundamentally different from the more
commonly used topic model Latent Dirichlet Allocation (LDA) [2]. treeLFA
models the presence and absence of all disease codes for all individuals with
Bernoulli distributions, while LDA models the disease codes that are diagnosed
(present) for individuals with Multinomial distributions. For treeLFA, the load-
ing of a disease code in a topic is its Bernoulli probability, and the Bernoulli
probability of this disease code for an individual is a mixture of the Bernoulli
probability for this code in all topics, with the mixing coefficients specified by
the individual’s topic weights. As a whole, the matrix of Bernoulli probability
for all disease variables (D x S variables in total) is factorised into the topic
weight matrix and the topic matrix that are mentioned above. To differentiate
from LDA, we name our model latent factor allocation (LFA). In the next sec-
tions, we will introduce the generative process for treeLFA, starting from the
generation of topics using a hierarchical prior.
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2 The hierarchical prior for topics

In each topic, only a fraction of all disease codes are active, which means
they have a relatively large Bernoulli probability in the topic. As a result, they
will be likely to co-occur on the same individual. The remaining disease codes
are inactive, meaning they have near-zero probability. Different Beta priors
(Beta(ad,al) and Beta(al,al)) are put on ¢ for inactive and active disease
codes.

To introduce correlation in active diseases within each topic, we used an
tree-structured prior. For disease code s in topic ¢ a binary indicator variable
I;s is introduced to encode whether it is active in the topic (1 for active state,
0 for inactive state). The indicator variables for all disease codes in a topic are
generated with a Markov process on the hierarchical/tree structure of disease
codes specified by a medical ontology (such as the ICD-10 coding system). As
is shown in Figure 1, each leaf node of the tree corresponds to the indicator
variable of a disease code in a topic, while internal nodes on the tree correspond
to different categories of diseases specified by the medical ontology (here we
assume that they can also be diagnosed for individuals). I for all disease codes
in a topic are sampled from the inactive root node (does not correspond to any
disease code) to all leaf nodes, using a Markov process that has two states, active
and inactive. pg; and pp; are the transition probability of the Markov process,
corresponding to the probability of transitioning from inactive to active state
and from active to active state, respectively.

The sparsity of a topic (the total number of active codes in a topic) can be
controlled by tuning pp; and p1; of the Markov process, as what we can do with
LDA by tuning the concentration parameter of the Dirichlet prior for topics.
Furthermore, we can also control the distribution of active codes in a topic by
tuning the transition probability. With a large p11, most child codes of an active
parent code will also be active. As a result, active codes will be concentrated
on the same subtree. On the other hand, if p1; is small, active codes will be
scattered across the whole tree.

3 Generative model specification

The graphical representation of the model is shown in Figure 2A. To generate
a topic, I for all disease codes in this topic are firstly generated using a Markov
process on the tree structure of disease codes (discussed in the previous section).
Next, conditioned on these indicator variables, the probability ¢ for all disease
codes in the topic are sampled from the corresponding Beta distributions for
active and inactive codes. We then generate the topic weight vector 6, for
individual d using a Dirichlet distribution, and for him the topic assignment
variables Z, for all disease codes using the categorical distribution parameterized
by 64. These two steps are the same as the corresponding steps in the generative
process for LDA (Figure 2B). In the last step, disease variable Wy, is sampled
from the Bernoulli distribution with probability ¢z, s (this is the probability of
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Figure 1: Schematic for the Markov process on the tree structure of disease
codes. Values of the indicator variables for six disease codes in two topics are
shown in the middle of the figure. Each cell corresponds to the indicator variable
of a disease code in a topic, with white color representing inactive code, and
orange representing active code. All indicator variables for a topic are generated
by running a Markov process on the tree structure of disease codes. Each node
(except for the root node) on the tree corresponds to a disease code in a topic.
The top node on the tree labelled with R is the single root node, while C
represents categories of diseases (internal nodes on the second layer of the tree),
and D represents individual diseases (terminal nodes on the third layer of the
tree). po1 and pi; are the two transition probabilities of this Markov process.

disease code s in the topic specified by topic assignment variable Zy,). Notations
for treeLFA are listed in Table 1.
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Figure 2: The probabilistic graphical model for treeLFA and LDA. A, The
probabilistic graphical model for treeLFA. Each topic is a probability vector
(¢41...¢5) for the Bernoulli distributions for S disease codes, and each proba-
bility variable ¢;s has a corresponding indicator variable I;5, denoting if disease
code s is active in topic t. Different Beta priors are put on ¢ of active and
inactive disease codes. I for all disease codes in a topic are generated using a
Markov process on the tree structure with transition probability vector p. The
generative steps for the remaining hidden variables are the same as those for
LDA. B, The graphical model for LDA.




s The full treeLFA model is specified as below:

P(W7 97 Z7 ¢’I | p7 a7 a7 tree)
=P(I | tree,p) - P(¢ [ I,a)- P(0 ] a)-P(Z|0)- P(W | ¢, Z)

t=1s=1
T S
P(¢|1,a) = ][] P(¢ss | Iss,a)
t=1s=1

D
P@O]a)=]]POula)

d=1

D S
P(z0) = [[{]] P(Zas | 6a)}

d=1 s=1

D
PW | ¢,2)=]] H Was | 974,.5)
d=1s=1
P(84 | @) ~ Dirichlet(a)
P(Zgs | 0a) ~ Categorical(0q)
P(Ls | I = 0, p) ~ Bernoulli(po1)
P(Iis | IFY =1, p) ~ Bernoulli(p11)
P(¢is | Is = 0,a) ~ Beta(ad, ap)
P(¢ss | Is = 1,a) ~ Beta(al,ay)
(

PWas | ¢2,,,s) ~ Bernoulli(¢-,,,s)
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Notation Explanation

D total number of individuals in the training dataset

S total number of disease codes

T total number of topics

d individual d

S disease code s

t topic ¢

Zas topic assignment variable for disease code s for individual d

Gt probability variable for disease code s in topic ¢

Iis indicator variable for disease code s in topic ¢

e indicator variable for the parent disease code of disease code s in
topic t

Ik indicator variables for all children disease codes of disease code s
in topic t

04 topic weight vector for individual d

Was disease variable for disease code s for individual d

tree the fixed tree structure of disease codes specified by a disease
classification system

Po1 the probability of transitioning from an inactive code to an active
code for the Markov process on the tree

P11 the probability of transitioning from an active code to an active
code for the Markov process on the tree

«a the parameter vector for the Dirichlet prior for 6

ad, ap parameters of the Beta prior for ¢ of inactive codes

al,al parameters of the Beta prior for ¢ of active codes

Table 1: Notations for “treeLFA”

3.1 Inference of treeLFA with Gibbs sampling

We use a partially collapsed Gibbs sampler to estimate the posterior distri-
butions of the latent variables of treeLFA. The collapsed Gibbs sampler performs
inference on the marginal distribution of disease incidences, with individuals’
topic weight vectors 6 integrated out. The updating equations for each hidden
variable are derived as follows:
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3.1.1 Topic assignment variable for disease code s for individual d:
st

P(Zas =6 | 25° 6, 1.W) ox [ P(Zas = 5,23 6.1, W.0)a0

P (Was | Zas = tr, ) - /P(ed | a) - P(Za | 64)d0

=P(Was | Zas = t*, ) - /[ F(Zt71 o) 7 H at71

HEPNC) t=1

S
T .., 6

s=1

=P(Was | Zas = tx,¢) - /[F(Zt71 o) ] H 05"

Hgll T(ayg) ;=

H 053t1d0g

t=1
P(CF a0 TIE, T+ car)
Hz=1 I(ay) F(Ez=1(at + cat))
[17—; T(ar + car)
LYl (ar + car))
Ht;ét* T(at +cgy)
(2T (e + )] + 1)

=P(Was

= te, )

xP(Was | Zas = tx, ) -

=P(Was | Zas = t*, ) -

D +cqex +1)

I[Ti—s Do + ¢4i)

=P(Wys | Zas = t*, ) - T2, (o + cg9)] + 1)

(e + cgpi)

W, — -
X (1= dras) ™V - (g + 7))

Was
P(Zgs =t | 27°,¢,1, W) = ——=2
Y8

(1= pras) Vs - (apu + Cain)

18 (1= pya) = Was - (e + 7))

(2

Z7°: topic assignment variables for all disease codes excluding disease code s for individual d.
cqt: the total number of disease codes assigned with topic t for individual d.
¢y« the total number of disease codes excluding disease s assigned with topic t for individual d.

We reduce the computation time by extracting common terms that are used repetitively. To
update Zgs we need to calculate the numerator (b:/‘:ds (1= biws) TWds - (apu + ¢5,) for all topics,
and then normalize them. Depending on whether Wy is zero or one, only one of ¢t*ds and (1 —

¢t*s)1 Wds needs to be calculated. Take d)t*ss as an example, when W;s = 1 we need to calculate
Dixs - (s + cgy,), which equals Geas + Qs + Pras - €fr- When sampling Zgs, ¢rvs - o« have fixed
values. We can calculate and cache these values for all ¢t and s before sampling Z. This simple trick
can significantly reduce the time we spend on sampling Z.



w 3.1.2 Topic loading variable for disease code s in topic t: ¢

P(pis | ) o P(W | Z, ¢es) - Pdes | a; Ies)
D

o [T 1(Zas = ) - P(Was | 602)] - P(s | @ 112
d=1

D
=[] 1(Zas = t) - (1 — ¢es)' ~ds - ¢} 92] . Beta(¢ys
d=1

al al )
Tis? P gs

D
w, D
d=1,Z .=t "ds Zd:l,zdszt(lfwds

by a — a9 —
o i (1= i) V(1= i) es TN () s

P(¢pts | ) ~ Beta(a?ts + N, a}ts + N2).

(3)

101 Ngt: among individuals who have W;,=0, the total number of individuals whose disease variables

102 s are assigned with topic t.
103 N,
104 s are assigned with topic t.

D
N2, =" I(Zas = t, Was = 0).
d=1

D
NY = I(Zas =t,Was = 1).
ws 3.1.3 Indicator variable for disease code s in topic t: I

P(Iis =0 ) & P(¢us | I = 0) - P(Is = 0 | IPY) - P(I | Iy = 0)

pa _;pa N1 NO
= P(des | Irs = 0) - (1 = p11)'ts - (1= por)" "t ) - (oo, ™" - (1 = por) " tore)

L. among individuals who have Wys=1, the total number of individuals whose disease variables

pa _rpa N} NO
= Beta(¢es | ag,ag) - (1= p11)7ts - (1= po1)' "7t ) - (por " - (1 = po1) " tosch).

0 1 Pe 1 gPe N en NY
P(Its =1]-) < Beta(¢ys | (11,(11) . (p1fis * Po1 ts ) - (Plltg’( . (1 - Pll) ts,ch),

(4

106 We have omitted the uninformative Bernoulli prior on I+s which is cancelled out when normalising

107 P(I;s =1]-) and P(Its = 0| -) such that they sum to 1.
ws [Py the indicator variable for the parent code of code s in topic ¢.
o IfP: the indicator variables for all the children codes of code s in topic .

no N ¢ the total number of indicator variables that equal 1 among all the chil-

m dren codes of code s in topic t.

12 Ntos,ch: the total number of indicator variables that equal 0 among all the chil-

us  dren codes of code s in topic t.
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4 Learn hyperparameters of treeLFA

There are three hyperparameters for treeLFA, including vector « that pa-
rameterise the Dirichlet prior for topic weight vector 6, the transition probability
vector p for the Markov process on the tree structure, and vector a that param-
eterise the Beta priors for the probability variables ¢.

4.1 Beta prior for transition probability of the Markov
process on the tree structure

The inference of the transition probability vector p of the Markov process
is integrated into the Gibbs sampling framework for treeLFA by putting Beta
priors on them as follows:

P(p()l) ~ BetCL(bo()7 b()l)
P(p11) ~ Beta(bw, bll)

The updating equations for these transition probability variables are:

P(po1 | I) ~ Beta(NY + boo, N + bo1)

1 ! (5)
P(pu | I) ~ Beta(Nl + b1o,N0 + b11)

NY: the total number of active indicator variables in all topics with an inactive parent
indicator variable.

Ni: the total number of active indicator variables in all topics with an active parent
indicator variable.

NQ: the total number of inactive indicator variables in all topics with an inactive
parent indicator variable.

Ng: the total number of inactive indicator variables in all topics with an active parent
indicator variables.

4.2 Beta prior for probability of disease codes in topics

We use pre-specified beta distributions as the prior for ¢. In Figure 3 we
show the histograms of 10,000 samples drawn from Beta(0.3,80) and Beta(2,4),
which are the prior distributions we choose for ¢ of inactive and active codes in
topics used for simulation and inference on the top-100 UKB dataset.

4.3 Optimization of asymmetric Dirichlet prior for topic
weights

We choose to estimate hyperparameter « to allow for the flexibility that dif-
ferent topics are assigned to individuals’ disease codes with varying probability.
For LDA it is common to use a symmetric (in most cases an uninformative)
Dirichlet prior [3] parameterized by «, which implicitly assumes that there are
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Figure 3: Histogram of samples from the Beta priors for probability of disease
codes in topics. Different Beta priors are used for the probability variable ¢
for active and inactive codes in topics, such that active codes tend to have
large probability, while inactive codes have negligible small probability. 10,000
samples are drawn from Beta(0.3,80) and Beta(2,4) respectively, and their his-
tograms are plotted.

roughly same number of words assigned to each topic across documents. How-
ever, the prevalence of diseases in biobanks varies greatly, from one in thousands
to more than 0.1 (for example, 28.2 % individuals in UKB are diagnosed with
essential hypertension), calling for different topic frequencies. In addition, an
empty topic will always be inferred by treeLFA on real-world diagnostic data,
and assigned to most disease variables that have value zero. Consequently,
the empty topic will have a much larger weight in « than other disease topics,
as most individuals only have a few diagnosed diseases. This also requires an
asymmetric Dirichlet prior distribution for 6 to be used.

Wallach et al. studied the use of complex Dirichlet prior for topic models,
and advocated using asymmetric Dirichlet prior for topic weight vector 6 and
symmetric Dirichlet prior for topic loading ¢ for LDA. He verified with exper-
iments that this strategy of choosing hyperparameters gave the best inference
result. Besides, he also suggested the use of an optimization based method to
estimate « from the data, since it gave result as good as that can be achieved
by using a full Bayesian approach, and was much simpler to implement and
time-saving [4].

We use a stochastic EM algorithm, named “Gibbs-EM” to optimise « [5].
The objective function for this method is the marginal likelihood of the data:
P(W | «), which is maximised with respect to « by alternating between two
steps. In the E-step, we fix the value of & and maximise a lower bound of
the marginal likelihood by approximating the posterior distribution of hidden
variables with G samples given by the Gibbs sampler for treeLFA:
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In the above equation, hidden variables ¢, I and 6 are omitted, and only Z is
retained, since it is the only hidden variable related to the optimization of « in
the M-step.

In the M-step, we use a fixed point method to optimise a such that the
expectation calculated in the E-step is maximised. Entries of o are optimised
one at a time:

W — g 2o 2oalW(NG, + o) — U(au)}

=q - .
' 209 22a W (S + 2oy () = (2, (ax))}
N3, the total number of disease variables for individual d that are assigned with topic

t in posterior sample g;
U(-): the digamma function.

(7)

S': the total number of disease codes.

10



= D Model selection: predictive likelihood on the
179 testing dataset

180 We use predictive likelihood on the held out test data to evaluate models
w1 with different topic numbers. We use posterior samples of ¢ and the optimal
12« estimated within the training data to compute the predictive likelihood on
183 the test data. With test data W’ and one posterior sample of ¢, the predictive
s likelihood on the test data could be expressed as [6]:

D
PW' | W) :H (Wa | 6, )

185 Ideally, calculation of the predictive likelihood requires integrating out all
185 latent variables. Since this is analytically intractable, we use a Monte-Carlo
17 approximation for this integral. For topic weight variable 6,, we draw P samples
188 from its prior distribution and use them to approximate the integral:

0% ~ Dirichlet(c)
’ 1 P ’
P(Wd | ¢7a) ~ ﬁ;P(Wd | 05,@{)7&)

180 Conditioned on one sample of 6,4 for individual d, we calculate the likelihood of each
1o disease variable (Wy,) independently. We do this by summing out Zg4s for all topics:

S T
PWy | 05,0) =TI P(Was. Zas | 05.9)]
s=1 Zg.=1

= H[ Z (Was | 624,.5) - P(Zas | 07)]

s=1 Zy,=1

101 In summary, the predictive likelihood on the full test data could be expressed as:

PW | W)~ H{ Z{H{ Z (Was | $2406) - P(Zas | 0111} (8)

p=1 s=1 Zg.=1

11
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